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Abstract
In this study, we investigate quantum nonseparability between an ob-
served system and a measuring apparatus, or multiple measuring appa-
ratuses. We show that the physical meaning of the outcome of the mea-
suring apparatus obtained by weak measurement with a post-selection
differs critically from that without any post-selection. In this study, the
nonseparability plays the essential role, which is shown to be the same in
a simultaneous conventional von Neumann-type measurement of multiple
observables. From this viewpoint, we suggest a new concept, known as
simultaneous readability, which is the possibility that multiple measuring
apparatuses will give the proper information of the observed system si-
multaneously. Next, we show that different components of the spin of an
electron are not simultaneously measurable even if it has EPR correlation
with another electron.
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1 Introduction
Nonseparability is one of the central concepts of quantum mechanics. The uni-
tary evolution of a quantum system obeys the Schro¨dinger equation but its
nonunitary change, i.e., reduction of the wavepacket or its replacement, is also
unavoidable in the measurement process. Nonseparability is produced in unitary
evolution and appears in the nonunitary change; thus we need careful consider-
ation even after the interaction between the observed system and the measuring
apparatus has ended. In this paper, we employ d’Espagnat’s argument[1] which
was used to clarify the nonseparability of EPR-correlated pairs[2][3] to study
simultaneous measurability from the viewpoint of the quantum measurement
theory. We consider the density matrix of the unified system of the observed
system and the measuring apparatuses to clarify their nonseparability.
In the second section, we discuss weak measurement and weak values in
view of the nonseparability. Since their concept was developed[4][5], many pa-
pers concerning them have been written. Applications of the weak measurement
technique have been studied in some of them. For example, Lundeen et al.[6]
have suggested the direct measurement of wavefunctions, which are experimen-
tally verified[7][8]. On the other hand, more papers have been written based
on the interpretation that the weak values should be conditional expectation
values or others of a like nature. In this interpretation, the weak value
〈Aˆ〉wFI ≡
〈F |Aˆ|I〉
〈F |I〉
is regarded as the expectation value of Aˆ for both an initial state |I〉 and a final
state |F 〉, which would be obtained by post-selection following the weak mea-
surement of Aˆ for |I〉. Because the outcomes obtained by the weak measurement
without any post-selection agree with the ordinary measured values, it may be
expected that the weak values would be interpreted as the expectational values
even with the post-selection. This interpretation seems to be supported by many
authors[9][10][11][12][13] with some differences in their interpretation details. In
our previous paper[14], though we could not decide against this conjecture, we
have noted that some mistakes and insufficiency exist in some important pa-
pers on weak measurement and weak values. We have also shown that the real
part of the weak value provides the back-action of the weak measurement to
the post-selection. In addition, the imaginary part of the weak values has been
shown to be interpreted similarly by Dressel et al.[15].
What we read in the measurement process are not the observables of the
observed system but the outcomes of the measuring apparatuses. These corre-
spond to those in some cases but not in all cases. The expectation value of the
pointer’s position, obtained by the weak measurement with the post-selection,
has been verified to correspond to the real part of the weak value. The weak
value obtained without any post-selection has been verified to agree with the
expectation value of the observable of the observed system. However, we have
not authenticated whether the readout obtained by the weak measurement with
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the post-selection corresponds to the expectation value of the observable of the
observed system. In this paper, we show that the post-selection causes the
fatal effect on the weak measurement due to the nonseparability between the
observed system and the measuring apparatus. The weak values with the post-
selection should not be interpreted as expectation values in general, which differ
from the weakly measured values without any post-selection. This conclusion
is consistent with the discussion in our previous paper[14].
With a similar argument, we consider the simultaneous von Neumann-type
measurement[16]. Though two observables belonging to the Hilbert spaces of
different measuring apparatuses commute, it does not guarantee that they give
the information of the observed system simultaneously. We cannot, in general,
regard both of the readouts of the measuring apparatuses as the expectation
values of the corresponding observables of the observed system because of the
nonseparability, though either of them can be regard so. Thus, we suggest a new
concept called simultaneous readability of the observables of the multiple mea-
suring apparatuses, which is the separability between them. This is possibility
that they will give the proper information of the observed system simultane-
ously. We show that the simultaneous readability with a certain interaction
Hamiltonian is the necessary and sufficient condition of the simultaneous mea-
surability of the corresponding observables of the observed system. The density
matrix of the unified system plays the essential role in our discussion. It reflects
the fact that the nonunitary change of quantum states and the nonseparability
are indispensable in the quantum measurement theory[1].
Then, we try to solve two troublesome problems of the simultaneous mea-
surability in the latter sections. As mentioned in [17], it has not been obvious
whether we can know the expectation values of two noncommuting observables
simultaneously if we prepare some eigenstate. For example, it seems possible
that we can know the different components of an electron’s spin simultane-
ously if the x-component of the spin is measured for the eigenstate of its z-
component. Moreover, we can measure the different components of the spins of
the EPR-correlated electrons[2][3], which seemingly enables us to know the dif-
ferent components of the spin of one electron. Keeping these discussions in view,
Ozawa[18][19] discussed the simultaneous measurability in a state-dependent
formulation. We demonstrate by extending the discussion in the preceding sec-
tions that the different components of a single electron’s spin cannot be observed
simultaneously even in such cases.
2 Weak measurement and weak value
First, we quickly check that the real part of the weak value agrees with the ex-
pectation value x of the pointer’s position, obtained by the corresponding weak
measurement[4][6]. The interaction Hamiltonian HˆI between an observable Aˆ
of the observed system and the momentum pˆi of the pointer is
HˆI ≡ gAˆpˆi, (1)
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where g is the coupling constant. HˆI is assumed to be constant and roughly
equivalent to the total Hamiltonian over some interaction time t. The initial
wavefunction φ(x) of the measuring apparatus is assumed to be
φ(x) = 〈x|φ〉 =
( 1√
2piσ
)1/2
exp
(
− (x− x0)
2
4σ2
)
. (2)
The initial state |Φ(0)〉 = |I〉|φ〉, where |I〉 is the initial state of the observed sys-
tem, of the unified system of the observed system and the measuring apparatus
evolves unitarily obeying the Schro¨dinger equation:
i~
d
dt
|Φ(t)〉 = Hˆ |Φ(t)〉 ∼ HˆI |Φ(t)〉, (3)
and becomes
|Φ(t)〉 = exp
(
− iHˆIt
~
)
|Φ(0)〉. (4)
Up to the first order of g,
|Φ1(t)〉 = |I〉|φ〉 − igt
~
Aˆ|I〉pˆi|φ〉. (5)
Instead, we can equally describe the unified system by means of the density
matrix
ρ1(t) = |Φ1(t)〉〈Φ1(t)|. (6)
Without any post-selection, the expectation value x of the pointer’s position xˆ
for this state is
x ≡ Tr[ρ1(t)xˆ
]
= x0 + gt〈I|Aˆ|I〉.
(7)
x can be written also in the form
x = Tr[ρ
(m)
1 (t)xˆ], (8)
where ρ
(m)
1 (t) is the partial density matrix only of the measuring apparatus
defined as
ρ
(m)
1 (t) ≡ Tr(s)[ρ1(t)]
= |φ〉〈φ| − igt
~
〈I|Aˆ|I〉
(
pˆi|φ〉〈φ| − |φ〉〈φ|pˆi
)
,
(9)
and Tr(s) means that the operation of taking the trace is carried over only in
the Hilbert space of the observed system.
On the other hand, with the post-selection |F 〉, the expectation value xF of
the pointer’s position is
xF = Tr[ρ
(m)
1F (t)xˆ]
= |〈F |I〉|2
[
x0 + gtℜ〈Aˆ〉wFI
]
,
(10)
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where
ρ
(m)
1F (t) ≡ Tr(s)[ρ1(t)|F 〉〈F |]. (11)
These calculations have shown the following. Without any post-selection,
the readout of the pointer’s position corresponds to the expectation value of
the observable for the initial state belonging to the observed system. With the
post-selection, the readout of the pointer’s position corresponds to the real part
of the weak value. Thus, it remains to be authenticated whether the readout of
the pointer’s position obtained by the weak measurement with the post-selection
reflects the information about the observable for the initial and the final states
of the observed system. Because the partial density matrix (11) is obtained
after the measurement of the projection operator Fˆ ≡ |F 〉〈F |, our question is
written in another form: Can we read both the expectation values of Aˆ and
Fˆ for the state (5) after the interaction between the observed system and the
measuring apparatus has ended?
To answer this question, we assume that the ensemble S of the observed
system and the ensemble M of the measuring apparatus after their interaction
are both separately obtained by combining all the elements of subensembles,
each of which is described by its own ket. Then, each element of S belongs to
one of the subensembles Ei, i = 1, 2, · · · described by |si〉 and each element of
M belongs to one of the subensembles Eα, α = 1, 2, · · · described by |mα〉, such
that the subensemble εi,α of the unified system, whose elements belong to both
Ei and Eα, is described by the density matrix
ρi,α = |si〉|mα〉〈mα|〈si|. (12)
Because the unified system’s ensemble ε, which is described by (5), is the
union of all the εi,α, the density matrix ρ
′ describing ε should be written as the
weighted sum of all the ρi,α:
ρ′ =
∑
i,α
Pi,αρi,α, (13)
where Pi,α are suitable factors. However, ε is defined to be described by (5),
such that it should be described by the density matrix (6). ρ1(t) and ρ
′ are
necessarily different, except in the case that |Φ1(t)〉 is a product of a vector |S〉
in the Hilbert space of the observed system and a vector |M〉 in the Hilbert
space of the measuring apparatus, i.e.,
|Φ1(t)〉 = |S〉|M〉. (14)
(5) does not have this form. Thus, the previous assumption has been shown to
be false.
We must say for the above reason that both the observed system and the
measuring apparatus do not have complete sets of their own, though they have
no unitary interaction after t and
Tr[ρ1(t)Fˆ xˆ] = Tr[ρ1(t)xˆFˆ ]. (15)
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This is the manifestation of the quantum nonseparability[1], which implies that
reading the pointer’s position of the measuring apparatus and the post-selection
are mutually dependent even after the interaction between the observed system
and the measuring apparatus has ended. In other words, the mixed state of the
measuring apparatus, which is described by (11), does not reflect its state after
the unitary evolution by the Hamiltonian (1). Hence, we cannot expect that
the weak value 〈Aˆ〉wFI gives the expectation value of Aˆ for the initial state |I〉 in
any situation, though they are regarded as expectation values in some papers
as referred in the first section.
We can expect that xF gives the expectation value of Aˆ for a different state
if and only if [Aˆ, Fˆ ] = 0. In this case,
ρ
(m)
1F (t) = Tr
(s)[(1ˆ− igt
~
Aˆpi)Fˆ |I〉|φ〉〈φ|〈I|Fˆ (1ˆ + igt
~
Aˆpˆi)], (16)
so that xF becomes
xF = x0 + gt〈I|Fˆ AˆFˆ |I〉. (17)
Thus, xF corresponds to the expectation value of Aˆ for the state obtained after
the projective measurement of Fˆ for |I〉.
3 Simultaneous measurability and simultaneous
readability
We extend the discussion in the previous section to the von Neumann-type
measurement[16] and define the simultaneous readability, which is the separa-
bility between multiple measuring apparatuses, to study the simultaneous mea-
surability of multiple observables of an observed system from the viewpoint of
the quantum measurement theory.
If the ensembles MA and MB of two measuring apparatuses are both sep-
arately obtained by combining all the elements of the subensembles, each of
them is described by its own ket. Then, each element of MA belongs to one
of the subensembles Eα, α = 1, 2, · · · described by |aα〉 and each element of
MB belongs to one of the subensembles Eβ , β = 1, 2, · · · described by |bβ〉,
such that the subensemble εα,β of the combined measuring apparatus, whose
elements belong to both Eα and Eβ , is described by the density matrix
ρα,β = |bβ〉|aα〉〈aα|〈bβ |.
Thus, the ensemble of the measuring apparatuses is described as the weighted
sum of all the ρα,β :
ρ′ =
∑
α,β
Pα,βρα,β, (18)
where Pα,β are suitable factors. Then, we define the simultaneous readability as
follows. Let |Ψ(t)〉 be the entangled state after the unitary interaction between
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the observed system and the measuring apparatuses and ρ(m)(t) be the partial
density matrix only of the measuring apparatuses defined as
ρ(m)(t) ≡ Tr(s)[ρ(t)], (19)
where
ρ(t) = |Ψ(t)〉〈Ψ(t)|. (20)
We call the observables of the different measuring apparatuses simultaneously
readable if and only if ρ(m)(t) is written in the form of (18), that is
ρ(m)(t) =
∑
α,β
Pα,βρα,β . (21)
If not, these observables are nonseparable, that is, both the measuring appara-
tuses do not have complete sets of their own.
Next, we discuss it more specifically to see the relation between the simulta-
neous readability and the simultaneous measurability. Let |I〉 be the initial state
of the observed system and |φ〉 and |ψ〉 be the initial states of the measuring
apparatuses of two observables Aˆ and Bˆ of the observed system, respectively.
Then, the initial state of the unified system |Ψ(0)〉 is
|Ψ(0)〉 = |I〉|φ〉|ψ〉. (22)
The initial wavefunctions of the measuring apparatuses are assumed to be
φ(xA) = 〈xA|φ〉 =
( 1√
2piσA
)1/2
exp
(
− (xA − (xA)0)
2
4σ 2A
)
, (23)
ψ(xB) = 〈xB|ψ〉 =
( 1√
2piσB
)1/2
exp
(
− (xB − (xB)0)
2
4σ 2B
)
. (24)
We define the interaction Hamiltonian[20] as
HˆI = gAAˆpˆiA + gBBˆpˆiB , (25)
where gA and gB are coupling constants and pˆiA and pˆiB are the momenta of
the pointers. In the same way as the previous section, we assume HˆI to be
constant and dominant over some interaction time t. Then, the state after the
interaction is
|Ψ(t)〉 = exp
(
− iHˆIt
~
)
|Ψ(0)〉. (26)
If we read the position of only one pointer of these measuring apparatuses,
its readout can be interpreted as the expectation value of the corresponding
observable:
xA = Tr
[
ρ(t)xˆA
]
= (xA)0 + gAt〈I|Aˆ|I〉,
(27)
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xB = Tr
[
ρ(t)xˆB
]
= (xB)0 + gBt〈I|Bˆ|I〉,
(28)
where
ρ(t) = |Ψ(t)〉〈Ψ(t)|. (29)
However, both of the readouts do not, in general, give the information of the
observables of the observed system simultaneously. It is because the partial den-
sity matrix ρ(m)(t) made from (26) does not have the form (21) in general. That
is, xˆA and xˆB are not always simultaneous readable. On the other hand, their
product xˆAxˆB is an observable of the combined measuring apparatus because
[xˆA, xˆB ] = 0. We can calculate the expectation value of xˆAxˆB :
(xAxB) = Tr
[
ρ(t)xˆAxˆB
]
= (xA)0(xB)0 + gAt(xB)0〈I|Aˆ|I〉+ gBt(xA)0〈I|Bˆ|I〉
+
1
2
gAgBt
2〈I|(AˆBˆ + BˆAˆ)|I〉+ · · · .
(30)
This is the expectation value of the observable (1/2)(AˆBˆ + BˆAˆ) for the initial
state |I〉, when (xA)0 = (xB)0 = 0 and [Aˆ, Bˆ] is a C-number. However, we
should pay attention to the following fact
(xAxB) 6= xAxB,
such that xA and xB cannot be separately extracted from (30).
If and only if [Aˆ, Bˆ] = 0, (26) becomes
|Ψ(t)〉 = exp
(
− igAt
~
AˆpˆiA
)
|φ〉 exp
(
− igBt
~
BˆpˆiB
)
|ψ〉|I〉, (31)
and the partial density matrix ρ(m)(t) is in the form of (21). In this case, xˆA and
xˆB are simultaneous readable and thus we can simultaneously regard both the
readouts of the measuring apparatuses as the expectation values of Aˆ and Bˆ,
respectively. If not, only one of three observables xˆA, xˆB and xˆAxˆB can be read
to receive the information of the observed system. Thus, we can say that Aˆ and
Bˆ with the interaction Hamiltonian (25) are simultaneously measurable if and
only if xˆA and xˆB are simultaneously readable. The above discussion suggests
that reading the outcomes of the measuring apparatuses mutually affect even
after the unitary part of the measuring process has ended. Although we can
simultaneously read the values xA and xB on the measuring apparatuses, we
cannot regard them as the expectation values of the noncommuting observables
Aˆ and Bˆ, respectively.
If we identify Bˆ with the projection operator Fˆ of the post-selection, we
can reproduce the conclusion in the second section. When [Aˆ, Fˆ ] 6= 0, (xAxF )
corresponds to the expectation value of the observable in the Hilbert space of
the observed system; however, both xA and xF do not. If we select a final
state in the weak measurement, we cannot obtain the expectation value of the
observed system from the readout of the measurement apparatus.
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4 Weak measurement without post-selection
To study the simultaneous measurability by the weak measurement without
post-selection, we expand (26) to the first order of gA and gB:
|Ψ(t)〉 = |I〉|φ〉|ψ〉 − igAt
~
Aˆ|I〉pˆiA|φ〉|ψ〉 − igBt
~
Bˆ|I〉|φ〉pˆiB |ψ〉. (32)
Then, its partial density matrix ρ(m)(t) satisfies (21) up to the first order of the
couplings. Nevertheless, we do not think that this fact shows the simultane-
ous measurability of Aˆ and Bˆ. Suppose that two observables are measured in
turns and their expectation values are obtained after the series of measurements.
Then, is it appropriate to regard them as simultaneously measurable? It shows
only a similar situation. The commutator of Aˆ and Bˆ appears in the second
order of the couplings; thus, we cannot discuss the simultaneous measurability
in the first order of the couplings.
Up to the second order of the couplings, |Ψ(t)〉 becomes
|Ψ(t)〉 = (1− iHIt− 1
2
H 2I t
2
)|I〉, (33)
whose partial density matrix ρ(m)(t) does not satisfy (21) if [Aˆ, Bˆ] 6= 0. Thus,
xˆA and xˆB are not simultaneously readable or Aˆ and Bˆ are not simultaneously
measurable. On the other hand, with (xA)0 = (xB)0 = 0,
(xAxB) =
gAgBt
2
2
〈I|(AˆBˆ + BˆAˆ)|I〉, ) (34)
which agrees with (30).
5 Measuring a different observable for eigen-
states
We consider the spin of an electron with the appropriate normalization. x-
component σˆx and z-component σˆz of the spin are not simultaneously measur-
able or their corresponding observables of the measuring apparatuses are not
simultaneously readable. It is not obvious, however, whether the following ques-
tion has the same answer[17][18][19]: An electron is prepared in the eigenstate
of σˆz at time 0 and its σˆx will be measured for this state. Then, can we know
both the expectation values of σˆz and σˆx at time 0?
Let |φ〉 be the initial state of the measuring apparatus of σˆx and |I〉 be the
initial state of the observed system. The state of the unified system after the
interaction is
|Φ(t)〉 = exp
(
− igt
~
σˆxpˆi
)
|Φ(0)〉 (35)
and its density matrix is
ρ(t) = |Φ(t)〉〈Φ(t)|, (36)
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where
|Φ(0)〉 = |I〉|φ〉. (37)
We prepare | ↑〉, which is the eigenstate of σˆz with an eigenvalue +1, as the
initial state of the observed system.
In the second section, we considered the weak measurement, and almost
the same discussion can be applied to the von Neumann-type measurement. If
we take the trace only in the Hilbert space of the measuring apparatus, (36)
becomes the proper density matrix of the observed system, and vice versa. Nev-
ertheless, the observed system and the measuring apparatus are nonseparable,
so we must lose the information of the observed system at time t if we read the
value on the measuring apparatus. On the other hand, because the evolution
from time 0 to t is unitary, we can calculate the state at time t if we know that
at time 0. Thus, we must conclude that we have no information for the observed
state even at time 0 after we read the outcome of the measuring apparatus.
However, we prepared the eigenstate | ↑〉 as the initial state. We need to
reconsider the eigenstate to convince ourselves that there is no contradiction
between these statements. We will necessarily obtain +1 if we measure only σˆz
for | ↑〉. We should not express this fact by the statement “The z-component
of the spin of | ↑〉 is +1”. The eigenstate should be understood contextually.
We have nothing to say about the z-component of the spin of the initial state
if we read its x-component. Thus, our answer to the previous question is NO.
We cannot know the different components of the spin simultaneously even if the
eigenstate of one component of the spin is prepared as the initial state. The
above discussion may make us remember the delayed-choice experiment[21][22],
which seems very strange but is the proper consequence of quantum mechanics.
6 Simultaneous measurement of an EPR-correlated
electron
We consider a pair of electrons that have the EPR correlation[2][3] and their
total spin of 0. The operator Cˆz , which measures the correlation, is defined as
Cˆz ≡ (σˆz)1(σˆz)2, (38)
where (σˆz)1 and (σˆz)2 are the z-components of the spins of the electrons 1 and 2,
respectively. We prepare |− 1〉, which is the eigenstate of Cˆz with an eigenvalue
−1, as the initial state |I〉 of the observed system, i.e. the combined system of
these electrons. The initial state of the unified system of the observed system
and the measuring apparatuses is
|Ψ(0)〉 = |I〉|φ〉|ψ〉, (39)
where |φ〉 and |ψ〉 are the initial states of the measuring apparatuses of the
electrons 1 and 2, respectively. Their wavefunctions are given in (23) and (24).
The interaction Hamiltonian is
HˆI = gA(σˆx)1pˆiA + gB(σˆz)2pˆiB. (40)
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Then, the state after the unitary evolution is
|Ψ(t)〉 = exp
(
− iHˆIt
~
)
|Ψ(0)〉
= exp
(
− iHˆI1t
~
)
|φ〉 exp
(
− iHˆI2t
~
)
|ψ〉|I〉,
(41)
where
HˆI1 = gA(σˆx)1pˆiA,
HˆI2 = gB(σˆz)2pˆiB.
Because the partial density matrix ρ(m)(t), which is only for the measuring
apparatuses made from (41), has the form of (21), xˆA and xˆB are simultaneously
readable. Thus, we can expect that both the measuring apparatuses give the
proper outcomes simultaneously.
Then, it remains to be seen whether (41) implies the simultaneous measura-
bility of different components of the spin of a single electron if we take account of
the EPR correlation of the electrons. The fact that they have complete negative
correlation is shown in the following equation:
|I〉 = 1− Cˆz
2
|I〉. (42)
If we use this equation, (41) is rewritten as
|Ψ(t)〉 = exp
(
− iHˆI1t
~
)
|φ〉 exp
(
− iHˆI2t
~
)
|ψ〉1− Cˆz
2
|I〉
= exp
(
− iHˆI1t
~
)
|φ〉 exp
(
+
iHˆ ′I2t
~
)
|ψ〉|I〉,
(43)
where
Hˆ ′I2 = gB(σˆz)1pˆiB.
If (43) is justified, we can insist that different components of the spin of a sin-
gle electron are simultaneously measurable, because the partial density matrix
ρ(m)(t) made from (43) once again has the form of (21) and xˆA and xˆB are
simultaneously readable.
However, (43) is not justified because of the following reason. It is shown
in (41) that the electron pair and each of the measuring apparatuses are non-
separable. Though we have prepared | − 1〉 as the initial state, this only means
that we will necessarily obtain −1 if we only measure Cˆz for | − 1〉 as discussed
in the previous section. Conversely, if we read the outcome of the measuring
apparatus of (σˆx)1, we will receive no information about the correlation of our
electron pair at time t and, by extension, at time 0. (42) is not a definition or
an identity but an equation that holds only contextually. This equation cannot
be used in the context in this section. We can measure any component of the
spin of each electron of the EPR-correlated pair but cannot regard it as the
measurement of a pair of components of the spin of a single electron.
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7 Concluding remarks
In our discussion, the density matrix of the unified system of the observed system
and the measuring apparatuses has played an essential role. This finding reflects
that the nonseparability and the nonunitary change, i.e., the reduction of the
wavepacket or its replacement, are indispensable in the quantum measurement
theory. We have not discussed the problem of the von Neumann chain[23]
about the extent where the quantum measurement theory treats the reading
of the measuring apparatus; thus our word read contains some ambiguity in
its meaning. Nevertheless, we have shown that reading the outcome of the
measuring apparatus, which may be a series of actions, brings the inevitable
effect on the unified system, though it is after the unitary interaction between
the observed system and the measuring apparatuses. By this observation, we
have suggested the simultaneous readability, which is the separability between
the measuring apparatuses. This is the necessary and sufficient condition of the
simultaneous measurability if the interaction Hamiltonian between the observed
system and the measuring apparatuses is (25). To understand the simultaneous
measurability, it is not sufficient to study the unitary evolution of the unified
system. From the viewpoint of the quantum measurement theory, it is in the
nonunitary change that the essence of the simultaneous measurability exists.
In this context, the discussion in the second section is valid no matter how
weak the measurement is. Starting with (4), we obtain
Tr
[
ρ(t)Fˆ
]
= Tr
[
exp
(
− iHˆIt
~
)
|Φ(0)〉〈Φ(0)| exp
(
+
iHˆIt
~
)
Fˆ
]
= 〈I|Fˆ |I〉
(44)
if [Aˆ, Fˆ ] is a c-number. This equation shows that we can receive information
about the initial state of the observed system even after its unitary interaction
with the measuring apparatus, which is not necessarily weak, has ended. It is
the nonunitary change accompanied with reading the outcome of the measuring
apparatus that hides the information of the initial state. We well convince this
fact to ourselves if we reinterpret (31) as the state after a series of interactions
between the observed system and the measuring apparatuses, that is, the inter-
actions of Bˆ between 0 and t and Aˆ between t and 2t. Then, even if [Aˆ, Bˆ] 6= 0,
the unified state at time 2t is
|Ψ(2t)〉 = exp
(
− igAt
~
AˆpˆiA
)
|φ〉 exp
(
− igBt
~
BˆpˆiB
)
|ψ〉|I〉. (45)
If we read only xA, we obtain the same result as (27). The unitary part of the
measurement of Bˆ has no effect on this result.
Moreover, it is worth noting that xˆA and xˆB are simultaneously readable if
the unified system is expressed by (45). We can know the expectation values
of Bˆ at time 0 and Aˆ at t from those of xˆB and xˆA, respectively. However, the
expectation value of Aˆ at time t after the reading of the outcome of Bˆ does not
agree with (27) in general. We will obtain the proper expectation value of Aˆ
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according to the readout of the measuring apparatus of Bˆ; thus we cannot know
the expectation values of Aˆ and Bˆ at time 0 simultaneously. On the other hand,
as discussed in the fifth section, we cannot know the expectation values of Aˆ
and Bˆ at time t simultaneously because the observed system and the measuring
apparatus of Aˆ are nonseparable. Thus, we conclude that the noncommuting
observables Aˆ and Bˆ are not simultaneously measurable, though xˆA and xˆB are
simultaneously readable in this case.
As noted in the above paragraph, we have shown in the fifth section that
eigenstates should be understood contextually. Thus, Bell’s inequality[24] is
not concluded even though a quantum state is assumed to be a simultaneous
eigenstate of multiple noncommuting observables. Nevertheless, it does not
mean that we can obtain the expectation values of the noncommuting observ-
ables from such a state simultaneously. Thus, we do not need to describe the
state as the simultaneous eigenstate of noncommuting observables; the quantum
mechanics still stay complete for describing our possible knowledge about the
quantum state.
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